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Abstract

In this paper we build a spatial, aspiration-based model of learning

in the context of Cournot oligopoly from which we want to explore the

conditions that lead to the emergence of cooperation among �rms.

We consider an economy consisting of many identical duopolies; each

duopoly is placed on a square of a torus. The duopolists are boundedly

rational agents which adopt a very simple behavioural rule: if they are

earning at least average pro�ts, they do not change their strategies;

if they are earning below-average pro�ts they imitate the strategy

adopted by one of their neighbours. We consider many variations

to this simple setup and, in almost all cases, as in Dixon (1998) and

Dixon and Lupi (1997) we get results that support cooperation among

�rms.
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1 Introduction

The issue of the emergence of cooperation among individuals has been widely
discussed by a large number of game theorists, economists, biologists and in
the behavioural sciences in general. The reason for all this interest, especially
by part of economists and game theorists, probably lies in the fact that
cooperative behaviour is something that is frequently observable in many
economic and social contexts and that, as many argue, traditional game
theory fails to explain.

In the past two decades many theories have been devised to explain how
and why cooperation, at least to a certain degree, may emerge as the �nal
result of an evolutionary process. Several of these theories are grounded on
the seminal work of Axelrod and Hamilton (1981) and Axelrod (1984) who
showed, by means of computer simulations, that cooperative behaviour is
the possible outcome of repeated interaction among agents that change their
action following some adaptive behavioural rule. They identi�ed the reason
underlying the emergence of cooperation in the fear of future retaliation by
part of other individuals in case of individualistic behaviour. In Axelrod
(1984), in addition, it is shown that the probability of the evolution of the
system towards a cooperative equilibrium is greatly increased if, in a model of
imitative behaviour, a form of localization of the players and local interaction
is assumed and modeled. If, in fact, agents are placed on a spatial structure or
on a network of social interactions and the probability of being matched with
another agent depends on some criterion of proximity that puts higher weight
on the interaction between nearer agents, then clusters of agents that adopt
cooperative strategies1 may form and propagate over the space of interaction.

More recently a few papers have appeared in the literature on evolu-
tionary games and learning that explicitly study the implications of local
interaction in games when some form of limitation on players rationality is
assumed. Blume (1993), for instance, considers the case of 2� 2 symmetric
coordination games played by agents who live on a lattice and interact only
with a limited number of neighbouring agents; he �nds that, under myopic
best response dynamics, possibly perturbed by random choices, the risk dom-
inant equilibrium2 is selected in the limit; the same �ndings, unfortunately,
not always apply to n � n games. In a similar fashion Ellison (1993) study
a local interaction version of the (Kandori et al., 1993) model of stochastic
best-reply and �nds that with local interaction, convergence toward the �nal

1That are usually strategies that perform well when played against themselves, but not
so well when played against others.

2Which, as known, is the equilibrium with largest basin of attraction in the set of
possible mixed strategies.
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pareto-e�cient equilibrium is achieved more quickly than with global inter-
action, and that the speed of convergence is inversely related to the size of
the neighbourhood.

Anderlini and Ianni (1996) study a similar setting characterized by a
�nite population of agents that are at every time t matched with one of their
neighbours to play a pure coordination game. Agents update their strategies
following a majority rule whose outcome depends on the proportion of agents
playing each of the two available strategies. The agents' choice of action is
also a�ected by some form of inertia. They �nd that the dynamical system
converges with probability one to a steady state, but since the system shows
path dependence, many limiting states are possible including a state in which
only local coordination occurs.

Our model di�ers from the literature above in a few ways. The main
di�erence lies in the fact that our unit of investigation is not the single
agent, but the pair of agents. In fact, we consider a population of duopolies
placed on a two-dimensional connected square lattice (a torus). Matching,
as in Dixon (1998) and Dixon and Lupi (1997), is therefore \permanent" in
the sense that agents, �rms in our case, face the same competitor over time,
and are not allowed to move and/or change competitor.

Every cell on the lattice can be thought as a location or a market where
two competitors face each other in duopolistic competition. The more evident
interpretation of a location is of a position in a geographical space, but
it may also be considered as a position in the \space of products" where
neighbouring cells are occupied by �rms producing a slightly di�erentiated
product.

Firms at every duopoly adopt a very simple imitative rule based on as-
pirations in their decision making: at every time t they compare their actual
pro�ts with an aspiration level which is endogenously determined on the basis
of the average pro�t in their neighbourhood. If their pro�ts are at least equal
to this aspiration level they stick to the strategy used in the previous round
of action, on the other hand, if their pro�ts fall short of the aspiration level
they revise their strategy by imitating the strategy of another, randomly
chosen, �rm of their neighbourhood.

We consider two variations to this simple learning rule. According to
the �rst, we let the probability of revising the strategy for unsatis�ed �rms
vary with the di�erence between their current pro�ts and the average level of
pro�ts in the neighbourhood. In other words �rms for which the di�erence
between current pro�ts and the average level of pro�ts in the neighbourhood
is substantial will be more likely to change their strategy with respect to
�rms that experience a lower di�erence. This rule may re
ect the presence
of inertia in the strategy revision procedure or some form of lock-in motivated
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by technological reasons or by the presence of switching costs.
We have also studied a perturbed version of our model. According to this

\noisy" version unsatis�ed �rms may, with probability � make a mistake in
their imitation procedure and end up choosing a new strategy at random.
Noise, as now customary in evolutionary models, is also introduced to test
the robustness of the model.

The fact the �rms can only imitate the strategies of a �nite subset of
the population of �rms (their neighbourhood) re
ects the presence of costs
of gathering information about the strategies and the performance of �rms
located in distant locations. This \limitation" could also be explicitly desired
by �rms. In fact, especially in the case where we interpret the cells of the
lattice as locations or markets in a geographical space, �rms may be not
interested in imitating the strategy of �rms far-o� on the lattice, because
they could think that those strategies might not be very e�ective in their
area due to spatial di�erences in the \fundamentals" of the economy.

Despite the localization of interaction, the behaviour of a �rm, not only
directly a�ects the outcome of its direct competitor in the duopoly, but can
also indirectly propagate to more distant agents by successively in
uencing
the choices of locally interconnected neighbours via both the local average
mechanism and the imitation procedure.

Even though the model is quite simple, the nature of interaction among
�rms is very complex. There are, as we have seen, di�erent levels of inter-
actions among them: at a very local level (the location or duopoly level)
�rms interact with their competitors in the Cournot duopoly game, at an in-
termediate level they interact with the �rms in their neighbourhood via the
imitation mechanism and, in the case in which the average level of pro�ts is
computed over the whole \economic system" there is also a global level of
interaction in which every �rm indirectly interacts with all the others by way
of the global level of average pro�ts.

The complexity of the interactions makes extremely di�cult, if not im-
possible, to analyze analytically our model (a problem common to many
models of spatial interaction). For this reason the analysis of the dynamical
system will rely mainly on computer simulations.

We will give full account of the results of our simulations in section 3,
but we can anticipate here that in almost all the simulations we got conver-
gence to the cooperative equilibrium characterized by all �rms playing the
joint pro�t maximizing strategy. This result is also robust to small levels of
\noise".

The reminder of the paper is structured in the following way: in section 2
we introduce the formal model, in section 3 we report and discuss the results
of the simulations, section 4 contains some concluding remarks.
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2 The Model

2.1 The spatial structure

Consider an \economy"' of duopolies placed on a two-dimensional connected
square lattice. Every cell on the lattice is the address of a pair of �rms
permanently tied to play a Cournot game.

We identify every duopoly by d(x; y), where x and y are the horizontal
and vertical coordinates of the cell on the lattice occupied by the duopoly.
If the number of rows and columns is equal to K (a square lattice) we have
that the duopoly space is D = f1; : : : ; Kg � f1; : : : ; Kg and its cardinality
jDj is, of course, equal to K2.

We measure the distance dist [d(x; y); d(u; v)] between any two cells or
duopolies d(x; y) and d(u; v) using a modi�ed version of the metric induced
by the kxk

1
norm, that takes into account the fact that in our case distances

are measured over a connected lattice (a torus). According to this metric we
have that:

dist [d(x; y); d(u; v)] = maxfmin [j x� u j; K� j x� u j] ;

min [j y � v j; K� j y � v j]g:

In other words the distance between any two duopolies is given by the
minimal number of duopolies that must be crossed (in all directions, including
diagonals and allowing for border-crossing) in order to go from the �rst to
the second. We de�ne the neighbourhood of radius � of duopoly d(x; y), N�

x;y

as the set:

N�
x;y = fd(u; v) 2 D j dist [d(x; y); d(u; v)] � �g ;

that is the set containing all cells or duopolies located within � distance from
d(x; y)3. This formalization of the neighbourhood relation is symmetric: for
all d(x; y); d(v; u) 2 D, the fact that d(u; v) 2 N�

x;y implies that d(x; y) 2
N�

u;v. We denote the number of duopolies in the neighbourhood of size � of
d(x; y) by jN�

x;yj = (2� + 1)2 and, since at each duopoly there are two �rms
we have that the total number of �rms in N�

x;y is 2jN�
x;yj. Figure 1 shows

two neighbourhoods characterized by two di�erent values of the parameter
�; the locations depicted as grey circles constitute the neighbourhood of the
location depicted as a black circle. Every circle represents a duopoly.

3The neighbourhood relation we have de�ned, is also known, in the theory of cellular
automata, as Moore neighbourhood.
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A neighbourhood of size � = 1. A neighbourhood of size � = 2.

Figure 1: The neighbourhood structure

We have, due to computational constraints, restricted the size of the square
lattices to values of K � 10 (corresponding to a population of duopolies
N � 100), however the results of the simulations have shown that the value
of K, for K su�ciently large i.e. K � 6, does not a�ect signi�cantly the �nal
outcome, at least in terms of the limiting distributions of the evolutionary
processes.

Even though geographical structures such as torii (chequerboards where
the edges are pasted together) do not exist in real world, we have decided to
adopt these structures on the grounds of their capability to avoid \boundary
e�ects", i.e. the ability to maintain the number of duopolies in the neighbour-
hood of each duopoly constant independently of the position of the duopoly
on the lattice.

2.2 The Cournot game

The set of all �rms f in the economy is denoted by F , since at each location
or duopoly d(x; y) 2 D there are two �rms, the number of the elements of
the set F is jFj = 2jDj.

We de�ne the index function g(f; x; y) as the function that returns 1 if
and only if �rm f operates at duopoly d(x; y) and 0 otherwise:

g(f; x; y) =

�
1 i� f is at d(x; y)
0 otherwise:

The set fN � F is the set of all �rms f in the neighbourhood N�
x;y of duopoly

d(x; y) and it is de�ned as:
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Table 1: Cournot Duopoly: Reference Points

outcome output pro�t per �rm

Cournot-Nash Equilibrium qf = qf
0

= 1

3
0.1111

Joint-Pro�t Maximum qf = qf
0

= 1

4
0.1250

Stackelberg qf = 1

2
,qf

0

= 1

4
0.1250, 0.0625

Walrasian 1� qf � qf
0

= 0 0

fN =
�
f 2 Fjg(f; x; y) = 1 and d(x; y) 2 N�

x;y

	
:

We say that �rm f 0 is a competitor of �rm f at duopoly d(x; y) if and only
if g(f; x; y; ) = g(f 0; x; y) = 1.

At each location or duopoly d(x; y) there are two �rms f and f 0 playing
the simplest possible Cournot game that is assumed to be the same every-
where on the lattice. The market price px;y at d(x; y) is a linear function
with slope and intercept normalized to 1 of the outputs q produced by the
two �rms f and f 0. That is to say, dropping the location subscripts for
convenience:

p = max
h
0; 1� qf � qf

0

i
;

where both qf and qf
0

are non-negative. The pro�ts of each �rm f are
therefore �f = qf p. We have not explicitly included costs in the demand
function, but we can interpret the price as net of constant average production
costs.

In this Cournot-Nash model, the outputs of the two �rms are strategic
substitutes (the best-response functions are downward sloping), and the pay-
o� of each �rm is decreasing (when positive) in the output of the other �rm.
In order to generate a �nite strategy set for this model, we constructed a
grid of outputs, so that each strategy is an output level. The (symmetric)
S � S payo� matrix � gives the payo�s �i;j to the �rm producing output
levels i = 1 : : : S when the other �rm is producing output levels j = 1 : : : S.

According to this speci�cation of the demand function the Cournot-Nash
outcome occurs when both �rms produce 1=3 with a price of 1=3 and a
corresponding pro�t per �rm of 1=9. The joint pro�t maximizing outcome
(JPM) occurs when both �rms produce 1=4 and earn 1=8 pro�ts. Table 1
shows some of the key reference points of the model.

In the simulations the set of outputs (or strategies) is generated by a
grid search over the interval [0:1; 0:6]4. The granularity of the grid is 0:05

4We have decided to restrict the range of the grid to the interval [0:1; 0:6] because this
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resulting in 11 �rm types; we have slightly perturbed the grid in order to
include the Cournot �rm (output 0:3333). In the remainder of the paper we
will indi�erently refer to the 0:125 strategy as the JPM or the cooperative
strategy. The outputs used in the simulations are shown in table 2.

Table 2: Set of outputs used in the simulations

0.1 0.15 0.2 0.25a 0.3 0.3333b 0.4 0.45 0.5 0.55 0.6

aJPM output
bCournot-Nash output

In some simulations we let the �rms choose their strategies (outputs
levels) from the closed interval [0:1; 0:6]. In this case the strategy space
is S = [0:1; 0:6]� [0:1; 0:6].

2.3 Aspirations and learning

We have modeled �rms as boundedly rational agents that use a very simple
behavioural rule based on aspirations in their decision making. Each �rm
at each duopoly has an aspiration level of pro�ts: if it is earning at least
this level of pro�ts it continues to adopt the same strategy it was previously
using, if it is earning below aspiration pro�ts it \experiments" a new strategy
by imitating the strategy adopted by one of the �rms in its neighbourhood.
In our model the aspiration level is endogenous and equal to the average level
of pro�ts in the neighbourhood.

According to this behavioural rule a strategy can be considered as a
routine that is kept in use as far as it provides to the �rm a satisfactory
level of pro�ts. It should be noted that the experimenting �rm does not take
into account any strategic consideration when revising its strategy, it simply
observes at random one of the �rms in its neighbourhood and imitates its
strategy (that could be the same strategy it was using). Consequently the
probability for a strategy of being imitated by an experimenting �rm depends
exclusively on the number of �rms in the neighbourhood adopting it.

If we de�ne the pro�ts of each �rm at d(x; y) 2 D as �f
x;y, we have that

the average level of pro�ts in the neighbourhood N�
x;y of duopoly d(x; y) is

therefore:

restriction speeded up the simulations by leaving out many zero-pro�t pairs of strategies.
Furthermore the outcome of the simulations is not a�ected by this restriction.
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��x;y =
1

2 jN�
x;yj

2
4X
f2fN

�f
x;y

3
5 : (1)

When 2� + 1 = K that is to say that the size of the neighbourhood equals
the size of the lattice i.e. the interaction is global, the average level of pro�ts
is given by:

�� =
1

2K2

X
f2F

�
�f
x;y

�
: (2)

At every time t each �rm f carries out its strategy revision procedure by
comparing its pro�ts with the neighbourhood average. The outcome of this
comparison determines what we have called the learning state of the �rm.
We say, in fact, that a �rm f is in learning state 0 and does not experiment
if it is ful�lling its aspirations (it is earning a pro�t at least equal to the
local average), on the other hand, a �rm f is in learning state 1 and it
does experiment if it is not ful�lling its aspirations (it is earning below local
average pro�ts). According to the learning state of the �rms we can also
partition the set of all �rms into two mutually exclusive partitions L0 and
L1 whose elements are de�ned in the following way:

L0 = ff 2 fN j�f � ��x;yg

L1 = ff 2 fN j�f < ��x;yg

All �rms in the set L1 (below aspiration �rms) will choose the strategy
to adopt in the following period by means of a simple imitative rule: they
randomly sample a �rm in their neighbourhood and adopt its strategy; as a
consequence the probabilities of switching from any strategy to any other will
depend on the frequency of adoption of each strategy in the neighbourhood,
the higher the proportion of �rms adopting a certain strategy, the higher
the probability for that strategy of being adopted by below aspiration �rms.
Firms in L0 (above aspiration �rms) will \stay".

In order to compute the switching probabilities let's �rst de�ne the func-
tion I(s; t; x; y) that returns the number of �rms f in the neighbourhood N�

x;y

of duopoly d(x; y) playing strategy s 2 S at time t. Now we can calculate
the proportion Pt(s) of �rms in neighbourhood Nx;y adopting strategy s 2 S

at time t as:
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Pt(s) =
I(s; t; x; y)

2jN�
x;yj

: (3)

We are now in a position to de�ne the probability �0;t
x;y(s; s

0) for a �rm f 2 L0

adopting strategy s at time t of switching to strategy s0 2 S at time t + 1.
This probability is given by:

�0;t
x;y(s; s

0) =

�
1 if s0 = s

0 otherwise:
(4)

On the other hand, the probability �0;t
x;y(s; s

0) for a �rm f 2 L1 adopting
strategy s at time t to switch to strategy s0 2 S at time t+ 1 is given by:

�1;t
x;y(s; s

0) = Pt(s
0): (5)

Note that when 2�+ 1 = K, i.e. the size of the neighbourhood coincides
with the size of the lattice, �rms take their decisions on the basis of global
average pro�ts and can, if unsatis�ed, imitate the strategy adopted by any
other �rm in the \population"; in this case our model looses its locational
features becoming a model of global interaction.

As in Kirchkamp (1996) and Ho�mann and Waring (1996), we have that
the localization of action which happens at the duopoly level, di�ers from the
localization of learning, which happens at the neighbourhood level. In fact,
it is not clear why they should coincide: in many economic situations agents
apply locally strategies which are chosen on the basis of global information;
learning in this model is \social" rather than strategic.

In section 3 we also explore the case where �rms compute their aspiration
levels of the basis of global average pro�ts, but restrict the \pool" of �rms
to imitate to the local neighbourhood. This particular speci�cation of the
width of the neighbourhoods can, in a way, be used to model situations where
there are some institutions, (�nancial markets, for instance) that centrally
process and distribute information about the performance of agents. This
information is then used by agents in order to assess the e�ectiveness of their
strategies, but given the presence of costs in observing the strategies adopted
by other agents, their imitation capabilities are restricted to a local level.

2.4 Di�erential switching

We have also explored the implications of a di�erent behavioural rule accord-
ing to which �rms earning below average pro�ts do not carry the strategy
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revision procedure on with certainty. According to this di�erential rule un-
satis�ed �rms experiment with a probability proportional to the distance
between their current payo�s and the aspiration level. The fact that below
average �rms have only a probability rather than the certainty of switching to
a new strategy may re
ect the presence of di�culties by part of the �rms in
the evaluation of their performance (relatively to the average level of pro�ts)
and/or the presence of switching costs. We have modeled this probability as
a decreasing linear function of the current pro�ts of the �rm: each �rm f

in the neighbourhood N�
x;y revises its strategy at time t with a probability

�t(��x;y; �
f) given by (dropping the �rm superscripts):

�t(��x;y; �
f) = max

�
0; 1�

�f

��x;y

�
: (6)

Thus the function that generates the switching probabilities �t(s; s
0) from

strategy s to s0 2 S at time t takes the following form:

�t(s; s
0) =

�
1� �t + �tPt(s

0) if s0 = s

�tPt(s
0) otherwise:

(7)

2.5 Imitation with noise

The last learning rule that we consider is a simple modi�cation of the imitat-
ive learning rule of section 2.3 that allows for some random experimentation
by part of below average �rms. In order to take into account this possibility
into the model we have only to replace formula (5) by the following:

�1;t
x;y(s; s

0) =

�
Pt(s

0) with probability 1� �
1

S
with probability �:

(8)

Note that only below aspiration level �rms can randomly switch to a
new strategy, above average �rms will continue to adopt the strategy used in
the previous period with probability one. This \noisy" version of our basic
imitative rule should take into account errors by part of the �rms in observing
the strategies adopted by other �rms.

3 Simulation design and discussion of the res-

ults

In this section we report the results of our simulations. In particular, we
explore and compare the results of the simulations of the learning processes
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Figure 2: Cumulative distributions of �nal average pro�ts. Evolution by
imitation, discrete strategies, � = 1.

induced by the three behavioural rules de�ned in sections 2.3{2.5. For each
of the learning rules we consider both the case where �rms choose their
strategies from a discrete set and the case where �rms are allowed to choose
strategies continuously form the interval [0:1; 0:6]. Then, for each of the
resulting combinations of learning rules and strategy space type we run sim-
ulations for di�erent values of the size K of the lattice. We have started all
simulations from an initial random distribution of �rms' strategies over the
strategy space. In other words at the beginning of each simulation each �rm
at each duopoly on the torus chooses at random a strategy from the set of
available strategies. At this point we let the computer carry on the evolu-
tionary process until all the �rms on the lattice satisfy their aspiration level
requirement and we record the �nal average output which we can consider as
a measure of cooperativeness among �rms . For each of the considered com-
binations of learning rules, strategy space type and lattice size we computed
100 simulations in order to get a cumulative distribution of the �nal average
pro�ts.
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3.1 Imitation without noise.

Figure 2 shows the cumulative distributions of �nal average pro�ts for dif-
ferent values of the size of the lattice and for a neighbourhood radius � = 1.
We can observe that the cumulative distributions tend to collapse toward
the 0.125 value (the level of pro�ts associated to the joint pro�t maximizing
strategy) as the size of the lattice increases5. In other words the degree of
cooperation among �rms is positively related to the size of the lattice (and to
the number of �rms). When, for instance, the size K of the lattice is equal to
8, resulting in 2(82) = 128 �rms, we get perfect cooperation at all locations
in 97% of the simulations. This percentage is sensibly higher than the one,
62%, that we get when K = 4.

The reason behind the relationship between neighbourhood size and de-
gree of cooperation is fairly simple to understand. A su�cient condition for
the cooperative strategy to spread over the lattice is that at time t = 0 there is
at least a duopoly d(x; y) where both �rms produce the cooperative quantity
qf = qf

0

= 0:25; this, in fact, ensures that both f and f 0 at d(x; y) receive the
maximal level of pro�ts �f = �f 0

= 0:125 achievable in our simple Cournot
model. As a consequence both �rms f and f 0 at d(x; y) are in learning state 0
and will never leave this state (and change their strategies) since their pro�ts
cannot, being maximal, fall below average6. On the other hand, all �rms in
the neighbourhood of duopoly d(x; y) that earn below average pro�ts can,
with a strictly positive probability, imitate the cooperative strategy used by
the �rms at d(x; y). Some of them, over time, will do it increasing, in turn,
the number of cooperative duopolies in the neighbourhood, the probability of
adopting the cooperative strategy, and the local average level of pro�ts. This
increase in the average pro�ts will force some of the �rms who earned pro�ts
higher than the local average, but still not cooperative to switch from learn-
ing state 0 to learning state 1. This evolutionary process will continue until
all duopolies in the neighbourhood of d(x; y) adopt the cooperative (JPM)
strategy; �nally, since all neighbourhoods are interconnected the cooperative
strategy will propagate over the entire lattice. It is now easy to understand
why the size of the lattice can a�ect the degree of cooperation. In fact, as the
size of the lattice (and the number of duopolies) increases, the probability
of having at time t = 0 a duopoly where both �rms play the JPM strategy,

5Since the evolutionary process ends when all �rms satisfy their aspirations, �nal av-
erage pro�ts coincide with the �nal pro�ts of each and all �rms. In fact, at the end of the
evolutionary process all �rms end up choosing the same strategy and earning the same
level of pro�ts.

6The pair of strategies q
f = q

f 0

= 0:125 is, in fact, the global attractor of the dynamic
process in the space of pairs of strategies (see Dixon, 1998)
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Figure 3: Cumulative distributions of �nal average pro�ts. Evolution by
imitation with noise, discrete strategies, � = 1.

and in general the probability than in a certain neighbourhood more than
one �rm plays the cooperative strategy also increases.

Global cooperation can also be achieved when there are no duopolies
where both �rms play the cooperative strategy at time t = 0. In this case,
however, the cooperative outcome is less likely to emerge and its realization
depends on the initial number of �rms adopting the cooperative strategy. In
this case, in fact, since the JPM strategy do not perform very well against
other strategies7 it is very likely that it will \perish" during the initial phases
of the evolutionary process. But if the JPM manages to survive, because
it is able to provide above average pro�ts to at least some of the �rms f

adopting it, then it is possible that, if their competitors f 0 earn below average
pro�ts, they will imitate the JPM strategy establishing a new cooperative
duopoly. It is also possible that two below average �rms at duopoly by
chance end up imitating the cooperative strategy adopted by one �rm in their
neighbourhood. The likeliness of all these events is directly relate to number
of �rms adopting the JPM strategy at the beginning of each simulation which
is proportional to the size of the lattice.

7Against the JPM strategy, in fact, every other strategy q � 0:25 has a better perform-
ance as long as the market price is positive.

14



0

0.2

0.4

0.6

0.8

1

0 0.02 0.04 0.06 0.08 0.1 0.12

Local Average - Continous Strategies - Mutation

K=4
K=6
K=8

Figure 4: Cumulative distributions of �nal average pro�ts. Evolution by
imitation, continuous strategies, � = 1.

It must be pointed out that if no �rm adopts the JPM strategy initially,
then, unless some form of mutation or random switching is introduced into
the model, there is no possibility for the cooperative strategy to establish
and propagate.

3.2 Imitation with noise.

Figure 3 shows the case where random experimentation or mutation is intro-
duced in the model. In particular it shows the outcome of the simulations
where below average �rms have a probability � = 0:1 of choosing a new
strategy at random. The cumulative distributions of �nal average pro�ts do
not di�er very much from the distributions relative to the no mutation case,
but we can observe that when the size of the lattice is small K = 4 the
distribution is more skewed to the right revealing an higher probability of
getting the cooperative outcome at the end of the learning process. The fact
that experimenting �rm can randomly introduce in the \pool" of strategies
(like the JPM) strategies that at the beginning of the simulation were not
su�ciently represented or not represented at all or strategies that during
the evolutionary process went \extinct" can increase to a great extent the
probability of establishing a cooperative duopoly.
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In Figure 4 we can observe what happens when we allow �rms to choose
strategies continuously from the interval [0:1; 0:6]. In this case too, the fact
that at time t = 0 are \generated" S = 2(K2) di�erent strategies and that
some new strategies can come to life by random switching seems to increase
tendency toward cooperation in small populations of duopolies.
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Global Average - Differential
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Figure 5: Cumulative distributions of �nal average pro�ts. Evolution by
imitation, di�erential rule, � = 1.

3.3 Evolution by imitation, di�erential rule.

Figure 5 reports the results of the simulations relative to the di�erential
switching rule. As we can immediately observe, this rule, by introducing
inertia in the strategy revision process of the �rms reduces to a great extent
the �nal degree of cooperation among �rms. In fact, according to this rule
below average �rms can continue to adopt the same unsatisfactory rule with
a positive probability. The e�ect of inertia is ampli�ed when the size of the
lattice is relatively small; the reduced rate of imitation do not allow to more
cooperative strategies to spread over the lattice increasing the number of
duopolies where both �rms play sub optimal-strategies8

8For the simulation of the evolutionary processes characterised by di�erential switching
we adopted a slightly modi�ed stopping rule. According to this rule, the evolutionary
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� mean std dev
1 100.40 26.91
2 164.95 57.88
3 287.81 200.40

Table 3: Average converge time of the evolutionary processes.

3.4 Neighbourhood size e�ects

In order to explore the e�ect of neighbourhood size on the time necessary
for the evolutionary process to achieve convergence we have run simulations
for di�erent values of the parameter �. In particular, for a lattice size of
K = 10, we have run 100 simulations of the imitative evolutionary process
of paragraph 2.3 (no noise) for three di�erent neighbourhood sizes: � = 1,
� = 2 and � = 3. In Table 3 are reported the mean and the standard
deviation of the average times (computed over the batches of 100 simulations)
of convergence for the di�erent neighbourhood sizes. As we can clearly see
from the �gures, there exist an increasing relationship between the interaction
horizon (given by the parameter �) and the time necessary to evolutionary
process to convergence. The explanation of this phenomenon lies in the fact
that a lower number of �rms in the neighbourhood facilitates the coordination
toward the cooperative strategy and its propagation over the lattice.

4 Conclusions

In this paper we extend the analysis of Dixon and Lupi (1997) by including
a spatial structure conditioning the learning interactions of the �rms. We
consider a locally interactive evolutionary model where agents (duopolists)
adopt simple aspiration-based behavioural rules in their decision making. In
our setting at each location on a torus there are two �rms that repeatedly
play a Cournot game and revise their strategies according to some imitative
rule.

We �nd that under the general imitative rule and all its variations we
study, the limiting distributions is characterized by (almost) all �rms playing
the cooperative strategy (the strategy that maximizes joint pro�ts). We
also �nd that the size of the learning neighbourhood does not a�ect this
result: both global and local imitation lead to cooperation among �rms.
Local interaction only a�ects the time path towards equilibrium by sensibly
accelerating it. We also observe that the degree of cooperation among �rms

processes ended when no �rm for 50 consecutive periods changed its strategy.
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is a�ected by the size of the lattice, with cooperation increasing with size
of the lattice and the number of �rms. These results are in line with the
theoretical results of Dixon (1998) and the numerical results of Dixon and
Lupi (1997).

A Appendix

All simulations were run on a Sun SPARCstation 5. All computer code9 was
written by the author in Gauss ver. 3.2.18 for Solaris 2.4. In almost all cases
the output of Gauss was post-processed with Octave ver. 2.0.5 and then
plotted with gnuplot ver 3.5.

9Programs are available from the author upon request.
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